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Abstract 

The Harnack inequality established in [11] for generalized Mehler semigroup is 
improved and generalized. As applications, the log-Harnack inequality, the strong 
Feller property, the hyper-bounded property, and some heat kernel inequalities are 
presented for a class of O-U type semigroups with jump. These inequalities and 
semigroup properties are indeed equivalent, and thus sharp, for the Gaussian case. 
As an application of the log-Harnack inequality, the HWI inequality is established 
for the Gaussian case. Perturbations with linear growth are also investigated. 
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1 Introduction 

In this paper we aim to establish Harnack inequalities and applications for a class of 
Ornstein-Uhlenbeck type SDEs driven by Levy noises on Hilbert spaces. This problem 
has been investigated in [11] by using Mehler type formula for the associated semigroups 
and gradient estimates for dimension- free Harnack inequalities developed in [12]. In this 
paper, we shall adopt a measure transformation argument to derive a more general and 
sharper Harnack inequality, and to present finer estimates of heat kernels. This method 
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was initiated in [JJ by using coupling and Girsanov transformation to establish Harnack 
inequalities for diffusion semigroups on manifolds with unbounded below curvature, and 
has been applied in [TBI [HI [3] for non-linear SPDEs driven by Gaussian noises and also in 
[TO] for diffusions with singular drifts and multivalued stochastic evolution equations. In 
this paper we shall modify this argument to SPDEs with jumps. 

Let us first recall the Harnack inequality derived in [UJ. Let HI be a real separable 
Hilbert space with inner product (-, •) and norm || • ||. Consider the following Levy driven 
stochastic differential equation 

(1.1) dX t = AX t dt + dZ t , X = xeU, 

where A is the infinitesimal generator of a strongly continuous semigroup (T t )t>o on EI, 
Z t := {Z'j.\ u G EI} is a cylindrical Levy process with characteristic triplet (a,R,M) on 
some filtered probability space (fi, J^, (^t)t>o, P), that is, for every «6l and t > 

-(Ru,u) 

- exp(i(x,u)) + i(x,it)l{| x |< 1 }(a:)] M(dx) , 

where a G H, R is a symmetric linear operator on EI such that 

R t := [ T S RT* ds 
Jo 

is trace class for each t > 0, and M is a Levy measure on EL (For simplicity, we shall 
write Zf = (Z t ,u) for every u G EL) In this case, (II. ip has a unique mild solution 

X t = T t x+ [ T t _ s dZ s , t>0. 
Jo 

Let 

PJ(x)=Ef(X t ), xGH, /G^ 6 (H), 

where &b(M) is the space of all bounded measurable functions on EL Similarly, let <S$£~(Ef), 
^b(EI), ^°°(EI) be the classes of bounded positive, bounded continuous, and smooth func- 
tions on EI respectively. Let G be the orthogonal complement of Keri? 1 / 2 . Then the 
inverse R~ l/2 of R 1/2 is well defined from R 1/2 U to G. The following is the main result 
derived in [TTj . 

Theorem 1.1. (| lll| ) Assume that there exists a sequence of eigenvectors of A* separating 
the points o/H, i? is of trace class, and T t RM C i? 1//2 H /io/ds /or a// 1 > 0. // 

(1.2) ||ir 1/2 T t ito|| < v 7 /^) ||^ 1/2 ^||, xGH,t>0 
/ioWs /or some positive function h G C[0, oo). T/ien for any f G ^^(H), 

P t f 2 (y), t>0,x-yeR 1/2 M. 



Kexp(i(Z t , u)) = exp it(a,u) - 



;i.3) 



(Ptff(x) < exp 



f'Msl-Ms 
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IfM = 0, then for any a > 1 and f G ^(H), 

dlir 1 / 2 ^-^" 2 



;i-4) 



(P/) a (x) < exp 



L2(a-l)/ t / i ( S )-M S 



P t r(y), i>0,x-?/Grt. 



We note that due to the absence of a chain rule, for the case with jump (i.e. M^O), 
the Harnack inequality was proved in [TT] only for a = 2 (i.e. (1.3)) by using gradient 
estimates. 

To improve this result, we shall adopt a measure transformation argument and the 
null controllability of the associated deterministic equation (see Section 2). As a result, 
we obtain the Harnack inequality by using the image norm ||IVc|| of the operator 



T t ■= R; 1/2 T t with domain @{T t ) := {x G H : T t x G i£ /a H} 



1/2 T 



As explained above, R t is defined from Fj /Z IHI to the orthogonal complement of Ker R 
By letting \\V t x\\ = oo for x £ @(T t ) and inf = oo, we have 

||r t x|| = inf {||z|| : z G H, R] /2 z = T t x}, i6i. 

Our first result is an improvement of Theorem ll.lt our Harnack inequality generalizes 
(I1.3P without the assumptions of Theorem 11.11 Moreover, our argument also implies the 
following inequality (jl.6p . which in particular implies the strong Feller property (even 
|| Tf ■ ||-Lipschitz strong Feller property) of Pt if T t is bounded. 



1/2 T 



,1/2 



Theorem 1.2. For any a > 1 and / G <^ 

"a||rt(a; - 



;i.5) 



(Ptf(x)) a < exp 



2(a- 11 



P t f a (y), x,yeU,t>o. 



Consequently, ( I J . ffl) implies < \1.4[ for any f G ^^(H). Moreover, for any f G ^(H) and 
x,y G H, 



1.6) 



\P t f(x)-P t f(y)f 



JirtC^-y)!! 2 



1) min (p/ 2 (:r) - (P/(a;)) 2 , P/ 2 (y) - (P/(y)) 2 }. 



1/2 

When T t H C R^U, T t is a bounded operator by the closed graph theorem. In this 
case Theorem 11.21 implies the following result. 

Theorem 1.3. Let t > 0. The following statements are gradually weaker, i.e. statement 
(i) implies statement (i + 1) for 1 < % < 4: 



(1) T t M C Rl /2 M; 

(2) ||I\|| < oo and for any a > 1 and f G 



;i-7) 



{Ptf{x)) a < exp 



aflir* 



-(H), 



\x - y| 



2(a - 1] 



Ptf a (y), x,yeM; 
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(3) ||r t || < oo and there exists a > 1 such that ( [X 7| ) no/iis /or a// / £ &£(H); 

(4) UTill < oo and for any f £ ^(M) with f > 1, 

(1.8) piog/(x)<logP t /(y) + ^^||x-y|| 2 , x,y£H; 



(5) P 4 strong Feller. 

If, in particular, M = 0, taen a// tae above statements are equivalent. 

According to P, Theorem 3.1], (P() has a unique invariant probability measure /x 
provided 

(A) lim ||T 4 x|| = for x £ H; sup 4>0 TrP< < oo; f °° ds J m (l A ||T s x|| 2 )M(dx) < oo; 



lim 

t— >oo 



T^a ds 



ds / T«x 



1 + \\T.x\ 



TTw) M(dl) } 



exists in H; and P zs o/ trace c/ass. 

In this case, if P t is strong Feller then it has a density p t (x,y) w.r.t. /i on supp//, 
the support of fi. As observed in the recent paper |14j . the Harnack inequality (j 1.7ft and 
the log-Harnack inequality (11.81) are equivalent to the following inequalities for p t (x,y) 
respectively: 



;i.9) 



Pt(x, z) 



Pt{X, Z)\ Q-1 



Pt(y,z) 



fi(dz) < exp 



a(\\r 



r • F -2/1 



2fa- 1) 



x,y £ supp /it; 



(1.10) / p t (a;,y)log * ' r //(dz) < — ^— \\x - y\\ 2 , x,u£supp/x. 

Jm Pt{y,z) 2 

Moreover, if M = 0, by e.g. [3 Theorem 10.3.5], Theorem ll.3l (l) implies that P t L p (Il; fi) C 
< ^' 00 (EI) for p > 1 and t > 0. So, we have the following consequence of Theorem 11.31 

Corollary 1.4. Let M = and assume that (P t ) has a invariant probability measure fi 
with full support. Then for any t > 0, (l)-(5) in Theorem \1.3\ and the following statements 
are equivalent: 

(6) For any a > 1, (\1.9§ holds; 

(7) For some a > 1, (II. ,91) holds; 

(8) The entropy inequality ( li.iOl) holds; 

(9) Por any p > 1, PP>(H; /i) C c <f°°(H). 

The following result is a standard consequence of the Harnack inequality (11.71) . where 
(i) follows from [31 Proposition 4.1], (ii) follows from Lemma [HI Lemma 2.2], and the 
proof of (Hi) is similar to the those of [TTl Theorem 1.5 and Proposition 1.6] (see also pjj] 
for details). 
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Corollary 1.5. Assume that (P t ) has a invariant measure and that T t is bounded for a 
fixed t > 0, and let p t (x,y) be the density of P t w.r.t. fi. Then: 

(i) P t L p (B.; fi) C if (H) for any p > 1. 

(ii) For any a > 1, 

\\Pt{x, -) ||^«/c«-i) CM;m) - 
(Hi) If there exist some constants e > and a > 1 such that 

-(i+e) 

//(dx) < oo, 
t/ien P t is hyper-bounded with 

\\Pt\\ a ^a(l+e) < C(t, (X, e)^+^ . 

IfC(t,a,0) < oo then P t is uniformly integrable in L a (M; fi) and hence P s is compact 
on L a (H, fi) for every s > t. 

We shall prove Theorems 11.21 and 11.31 in the next section, and present in Section 3 ap- 
plications of the log-Harnack inequality to cost-entropy inequalities of the semigroup and 
the HWI inequality in the Gaussian case. Finally, in Section 4 we investigate the Harnack 
inequality and strong Feller property for a class of semi-linear stochastic equations by 
using a perturbation argument. 



cxp 



a\\Tt\ 
2(a - 



\x - y\ 



"-L/C 



fi(dy) 



x E supp/i. 



C(t, a, e) 



cxp 



at\\r t 
2(a- 



\x - y\ 



fi(dy) 



2 Proofs of Theorems 1.2 and 1.3 



As explained in the last section, Corollary 11.41 is a direct consequence of Theorem II .31 
Since (2) implying (3) is trivial, (3) implying (4) and (4) implying (5) have been proved in 
[j~4] for Markov semigroups on abstract Polish spaces, and (5) implying (1) follows from 
[H Theorem 9.19], it suffices to prove Theorem 11.21 
Consider the following linear control system on HI 

(2.1) dx t = Ax t dt + R 1/2 u t dt, x = x 6 H. 

According [TSJ, Part IV, Theorem 2.3] (ref. also the appendix of [1] or [5]), 



(2.2) 



|r t x| 



inf 



u. 



2 ds: M6 L 2 ([0,t} -> H;ds),x = x,x t = 0}. 



This implies the following upper bounds of \\T t x\ 
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Proposition 2.1. Let t > 0. Then for any strictly positive £ G C([0,t]), 



(2.3) I1W< y , XGI, 



where \\R 1 ' 2 x\\ = oo if x ^ i? 1//2 H. Consequently, f I i . g|) implies 

\\R- 1/2 x\\ 2 

(2.4) lirVrll 2 < 4 — > ^ e H. 

Jo H s )~ lds 

Proof. We only need to consider the case that T s x G -R 1 ^ 2 EI for a.e. s G [0,t] and 
{^-R" 1/2 r s a;} s6[ o,t] G L 2 ([0,t] -> M;ds). In this case, for 



- — R~ 1/2 T s x, se[0,t], 



10 

one has a null control of the system (12.11) ; that is, u G £ 2 ([0, t] — > H; ds) and 

x t :=T 4 x + / T t _ s R 1/2 u s ds = 0. 

Then (E| follows from (J22J) by taking f (s) = /i(s)~\ s G [0,t]. □ 

To prove the desired Harnack inequality, we adopt the following Girsanov theorem for 
Levy processes. Let || • ||o be the norm on Ho := -R 1 / 2 (H) with inner product (x,y)o ■— 
{R- l l 2 x,R- l ' 2 y) for x, y G H . 

Proposition 2.2. Let t > 0. Suppose that (Z s )o< s <t is an M-valued Levy process on a 
filtered probability space (Q, JF, (^ s )o< s <t, P) with characteristic triplet (a, R, M). Denote 
by Z' the Gaussian part of Z . For any M -valued predictable process ip s , independent of 
Z s — Z' s such that 

s^ p s := exp ( jf (if> r , dZ' r ) - ~ ^ ||^ r || 2 dr^j 
is a ^ s -martingale, the process 

[0, t] 9 sh Z s := Z s — / ip r dr 



is also a Levy process with characteristic triplet (a, R, M) under the probability measure 
dP := p t d¥. 

Proof. We write 

Eexp(i(Z s , z)) = exp [sti^z) - zd 2 (z)} , zGl, 
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where 

V x {z) :=\{Rz,z) 

and 

$ 2 (z) := -i(z,a) + / [l - exp(i(z, x}) + i(z, x)1{\ x \<-l}(x)] M(dx). 
Ju 

Correspondingly, the process Z s is decomposed by Z s = Z' s + Z", where Z' s is the Gaussian 
part of Z s with symbol and is the jump process with symbol d 2 - 

By the Girsanov theorem for Wiener processes on Hilbert space (see jH Theorem 
10.14]), 

Z' s = Z' s - I Vv dr, < s < t 
Jo 

is an R- Wiener process under the probability measure P. Consequently, for all < s < t 
and all z G H, by the martingale property of p s we have 

Ep[exp(i(2,^>] =E[p a exp(i(z,^))] = Eexp(i(z, Z' s )) = exp [-s^(z)} , 

where E p is the expectation taken for P. Combining this with the independence of Z' and 
Z", we obtain 



Epexp (i{z, Z 8 ) J = (E,p s exp i(^z,Z' s ^ jEexp (i(z, Z")) = exp [— s$i(z) — £$2(2)] . 

Thus, under P the characteristic symbol of Z s is also $i+$2- This completes the proof. □ 

By Proposition 12.21 we are able to establish the Harnack inequality by using the null 
controllability of the deterministic equation (12.11) . 

Proposition 2.3. Let t > and x, y G H. Suppose that there exists u G L 2 ([0, t] — > H; ds) 
such that Xt = 0, where x s solves (\2.1\i with xo = y — x. Then for any a > 1, 

(2.5) (PJT(x) < exp (^TI) / l|ns| ' 2 ds ) Pir(y) ' ; G ^ +(H) - 
Moreover, for any f G ^&(H) and x, w G H, 

(2.6) |P t /(x) - P/(y)| 2 < (e/o KIP*- - l){P t / 2 (y) - (P/(y)) 2 }. 

Proof. Let (Z^) < s <t be the Gaussian part of the Levy process Z s , which is an i?- Wiener 
process on H. Let tp s = R 1 ^ 2 u s G H for s G [0,t]. Then by Proposition 12. 2\ 



Z ' s := Z ' s — / dr, < s < t 
Jo 

is a Levy process with characteristic triplet (a, P, M) under the probability measure P. 
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Let 



y? = S t y+ f S t . s dZ s , 
Jo 



X? = S t x+ / S t -s dZ s . 



Then, by the definition of Pt and since Z s and Z s are cylindrical Levy processes with 
characteristic triplet (a, R, M) under P and P respectively, we have 

(2.7) Pt/(|/)=E/Q7), P t f(z)=Eif(X*)=E[fHf(X*)], fe& b (M). 

Moreover, it is easy to see that 

X* B =Y*-x a , se[0,t]. 
So, Xf = due to x t = 0. Combining this with ( 12. 7ft . for any / G &£(M) we have 
F t f(x) = E[pJ(Xn] = ^[ptf(Y t y )} 

< (E Pt a/(a - l) ) (a-1)/a (Er(y/)) 1/a = (Ep^ /(Q ~ l) ) Q " 1)/a (p t r( 2/ )) 1/Q . 

This implies ( 12. 5 P by noting that 



Ep a/(a-l) = 



a 



2(a- l) 2 



^llo ds 



Similarly, since Ep t = 1, we have 
|P t /(x) - P t /(y)| 2 = |E/(p t Xf) - E/(y t 



2A|2 



= |E{(a - - P t f(y))}\ 2 < {Ptf{y) - (P t f(y)) 2 }np t - l| 2 . 

This implies ( 12.61) by noting that 

E(pt - l) 2 = Ep 2 t - 1 = e-fo l|Us||2ds - 1. 



□ 



Proo/ o/ TheoremUIR Combining (E2D with (ESI), we obtain (Ojl . If flO} holds, then 
(ll.4p follows from (12.51) according to Proposition 12.11 Finally, (II. 6p follows from 02.2)1 and 
(12. 6p . where the latter holds also by exchanging the positions of x and y. □ 
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3 Application to the HWI inequality 

The HWI inequality, established in [9] and reproved in [2] for symmetric diffusions on finite 
dimensional Riemannian manifolds, links the entropy, information and the transportation- 
cost. In this section, we shall prove it for the present non-symmetric infinite-dimensional 
model. 

Throughout this section we assume that 
(A') P t has an invariant probability measure \x. 

This assumption follows from assumption (A) as explained in Section 1. We first 
observe that the log-Harnack inequality (11.81) implies an entropy-cost inequality for P t *, 
the joint operator of P t on L 2 (H; fj,). 

Proposition 3.1. Assume (A'). Let P t * be the adjoint operator of P t on L 2 (H;/i). If 
\\T t \\ < oo, then 

M(p t 7)io g p t 7) < ^W/^) 2 , f > o,M/) = i 

holds, where W 2 is the Warsserstein distance induced by the cost-function (x,y) i— > \\x — 
y\\ 2 ; that is, 

W 2 {ffi,n) 2 = inf / \\x - y\\ 2 7i(dx,dy) 
for ^(f fi, n) the set of all couplings of f fi and /i. Consequently, fli.^) implies 

M(p;/)io g p;/)< , t>o. 

2 Jo his) 1 ^ 

Proof. Due to Proposition 12.11 it suffices to prove the first assertion. We shall adopt an 
argument in [2] by using the log-Harnack inequality (11.81) . Let / > such that fi(f) = 1. 
By an approximation argument, we may assume that / is bounded. So, by Theorem 11.31 
we have 

P t (logP t *f)(x) < log(P t P t *f)(y) + HLlla; - y\\ 2 , x,yeM. 
Integrating both sides w.r.t. n G ^(ffi, /i), and minimizing in n, we arrive at 

v((p t *f) iogp;/) < ^(io g (p,p t 7)) + H^,^. 

This completes the proof by noting that, since /x is invariant for P t and P*, 

/i(io g (pp;/)) < io g/ i(pp;/) = logi = o. 

□ 

According to the above result, to derive the entropy-cost inequality for P(,we shall 
need the log-Harnack inequality for the adjoint semigroup P t *. To ensure that P t * is again 
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an 0-U type semigroup, we shall simply consider the Gaussian case (i.e. M = 0), and 
assume (A). In this case, fi is a Gaussian measure with co- variance 

POO 

#00:= / T s RT:ds. 
Jo 

To see that P 4 * as a generalized Mehler semigroup (in the sense of [6]), we assume further 

(B) M = 0, -RooH C @(A*), and the operator A = R 00 A*R^ with domain 

&(A) := {x G RooU : R^x G @(A*)} 
generates a Co-semigroup T t on H such that 

Rt= [ f s Rf:ds 
Jo 

is of trace class for t > 0. 

In this case, P t * can be calculated explicitly as (see [SI Proposition 10.1.9]) 

PffW = [ f(T t x + y)N At (dy), f E # 6 (H), 
Jw 

where A^^ is the centered Gaussian measure with co- variance Rt- Thus, P* is the transition 
semigroup of the solution to 

dX t = AX t dt + R 1/2 dW t 

for W t the cylindrical Brownian motion on HI. So, the following is a direct consequence 
of Theorems 11.21 and 11.31 and Proposition 13.11 

Proposition 3.2. Assume (A), (B). Let f t = R; 1/2 f t . Then 

{P;f) a {x) < P;r(y)exp H^J^' j , / e ^ + (H),x,y g H. 

// r t is bounded, then (IPgp holds for Pj* ,T t in place of P t andT t respectively. In particular, 

(3.1) /i((P t /)logP t /)<HCw 2 (/i,/^) 2 , />0,//(/) = l. 

Let Wo be the space of functions / of the form 

f(x)=F((£ 1 ,x),-'- ,(£ m ,x», xeM 

for some m > 1 and P G ^(lR m , C) (i.e. the Schwartz space of complex-valued functions, 
"rapidly decreasing" at infinity as well as their derivatives). Let W be the real- valued 
elements of Wo. According to [7], W is dense in L p (fi) for any p > 1 and is a core of D(L), 
the L 2 (/x)-domain of the generator L of Pt. We are now able to present the following result 
on the HWI inequality. 
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Theorem 3.3. Assume (A) and (B). Assume further that A* has a sequence of eigen- 
vectors separating the points in H. If holds then 

M/ 2 log f) < 2/x«RD/, Df)) jf fc( 5 )da + ^V 2 (/x, ffi)\ t>Q,feW, n(f 2 ) = 1, 
where Df is the Frechet derivative of f . 

Proof. Let f eW such that ^(f 2 ) = 1. By [TH Theorem 1.3(2)], we have 



Ptiflogf) < (PJ 2 ) log PJ 2 + 2^ J \(s)dsjP t (RDf,Df). 

Integrating w.r.t. fi we obtain 

Mflog/ 2 ) < 2(j.((RDf,Df)) t h(s)ds + fi((P t f 2 ) log PJ 2 ). 

Jo 

The proof is then completed by combining this with Proposition 13. 21 □ 
If in particular P t is symmetric (it is the case iff AR 1 ' 2 = PJ^A*), then (O) implies 



M/ 2 log / 2 ) < 2pt({RDf, Df)) f h(s)ds + 1 W 2 fc, / 2 /i) 2 

Jo 2 J Q ft(s) -1 ds 

for all / G W^Cf 2 ) = l,t > 0. 



4 Semi-linear stochastic equations 

Consider the equation 

(4.1) dX? = AXfdt + F(Xf )dt + i? 1/2 diy t , X X = x e H, 

where F is a measurable map on H such that F(E) C i? 1/2 H, and W t is the cylindrical 
Brownian motion on H. We shall establish the Harnack inequality for the associated 
semigroup by regarding (14. ip as a perturbation to (JUTJ) with Z t = R 1/2 W t , i.e. b = 0, M = 
0. Since we do not assume that F is dissipative, the study is not included in [3]. In general, 
this equation only admits a weak solution. In this paper we shall consider the weak 
solution for (14. ip constructed from (11.11) with Z t = R 1 ^ 2 Wt by Girsanov transformations. 
Let Xf be the mild solution to 

dX* = AXfdt + R 1/2 dW t , X* = x. 

We have Xf = +T t x, where 

W A (t)= [ T t _ s Ry 2 dW s . 
Jo 
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Since f*T s RT*ds is of trace class, W A £ L 2 ([0,t}; H) for any t > 0. Let 
ifj x (t) = R- 1/2 F(W A (t)+T t x), 
W t x = W t - [ ^(s)da, 



= exp y\iP x (s),dW s ) - ± jT ||V,(«)|| 2 da) . 

Assume that 

(4.2) Hi?- 1 /^^)!! 2 < fci + A; 2 ||x|| 2 , xGH 

holds for some /ci,fc 2 > 0. Then by [U Theorem 10.20] and its proof, Q x := pfP is a 
probability measure and Xf is a weak solution to (14.11) under Q x with respect to the 
cylindrical Brownian motion W^. Denote the corresponding "semigroup" by 

(4.3) Pff(x)=E Q J(Xn, /eJ? 6 (H). 

We note that due to the lack of uniqueness, in general Pf may not provide a semigroup 
(but cf. also [7j). Let P t be the semigroup of X t under P. By Theorem 11.21 we have 

(4.4) {PtfT{x) < PtF(y) exp ( ""^r^ 1 ' 2 ) > / e 

where I\ := R^ l ^ 2 T t . Moreover, by [U (10.42)], for any p > there exists i p > such 
that ^ 

C pM (t) := Eexp (^2p(2p+l)k 2 ^ \\W A (s)\\ 2 ds^ < oo, t € [0,i p ]. 

In particular, if fc 2 = then C p ^ 2 {t) = 1, t > 0. More precisely, let 

«i 

6 = Tr / T«RT?ds. 



o 



We have 

Co := sup Eell^ll 2 / 40 < oo. 
se[o,i] 

Thus, for any A > 0, 

Ee A /o \\WA(s)\\ 2 ds = Ee ± ft xt\\w A (s)\\ds < 1 t ' Ee \t\\w A {s)\\* ds 

(4.5) ( ~ tJo 

< I /" ( Ee ll^( S )|| 2 /4*)^ ds < C 49A ', £ £ [0, 1 A (4AA)- 1 ] 

Combining this with H4.3[) we obtain the following result. 
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Theorem 4.1. // < \4-2fy holds, then for any t > 0, a > 1, x, y G H, p, q > 1 with 
a/(pq) > 1, and f G ^ fe + (H) 



ap/(2(p-l)) 



p + 1 g + 1 



t 



og/(2( 9 -l)) 



Pfr(2/)exp 



ag||r t (x 



2(a - g) 



^ 1 + fc 2 (||T s x|| 2 + ||T s y|| 2 )] ds . 



g(g-l). 

Consequently, if \\T t \\ < oo /or t > 0, then P t F is strong Feller provided it is a semigroup. 
Proof For simplicity, we denote p' = q' = 6 1 = a/(pq). 

Pff(x) = E Q J(X'n = Ep?/(Xf) < (E^(Xf)) 1/p (E(pn P ') 1/p ' 
= (P t ^(x)) 1 ^(E( P n p ') 1/p ' 



< 



p t f p (y)^v 



( 9\\T t (x-y)\\' 
V 2(0-1) 



2\ i mop) 



(mr') 1/p '- 



On the other hand, for any g G ^ + (IHI), 

P^(y) < E P o(Xf) = E^X?)^)" 1 < (P t V(y)) V W) W ) W - 
So by taking g = f p 



(Pff) a (x)<P t F f a (y)ex V 



a\\T t (x 



2p(6 - 1) 

This implies the desired Harnack inequality according to the following Lemma 14.21 

Now, assume that T t is bounded for t > and assume that Pf is a semigroup. Let 
/ G By the first assertion and (14. 5p . for any a > 1 there exist constants t a , c a > 

and a positive function H a on (0, i a ) such that 

P[f{x) < (p/'/«( J/ ))V« e Cat+||x-y|| a Ha(t) j t g (Q^j 



(4.6) 

Then, for any t > 



limsup Pff(x) < limsup limsuplimsup [Pf(P^_ s f) a (y)^ a e 

s— >0 x— >j/ 



f (P^ s /) a (y)} 1/a e CaS+l|x " y||2Hce(s) 
< limsup limsup limsup {p/ , / a ( J/ )} 1/a e c - a+ ll*-«'ll aff '>W = Pf/(y). 



cv— >1 s— >0 x— >jy 

On the other hand, (14. 6 j) also implies 

Pf/(x) > {Pf (J£./) 1/a (y)}V«-- ^Wll-^ll 2 

> {pf/Va^^jV^^-^WII^H 2 , S G (0,t Q ). 

So, by first letting x y then s — > and finally a — > 1 we arrive at 

\imini P t F f(x)>P t F f(y). 



x-*y 



Therefore, P F f is continuous on EL 



□ 
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Lemma 4.2. Assume For any p > 1, 8 > and ieH, t/jen 



HPtY < {C pM {t)) 1/2 exp ( P(2P 2 1} j\h + 2£; 2 ||7>|| 2 )d S ) 
E(p*T 5 < {C 5M {t)) 1/2 ^V [ 5{25 ^ l) J\h + 2k 2 \\x\\ 2 )ds). 
Proof. According to the proof of [H Theorem 10.20], for any AeM, the process 



1 1— > exp 



A Jo 



,(s)\\ 2 ds 



is a martingale. So, 



=Eexp fp / (^ x (s),dW a ) -p 2 



< 



Eexp 2p / (^(s),«)-2p 2 / ||^.(s)|| 2 rfs 



: g )|| 2 ds)exp( p(2p 1} Til 



1/2 



1/2 



Eexp(p(2p-1) jf 



Eexp (p(2p- 1) / ||^(s)|| 2 (is 



nl/2 



This implies the first inequality since (14. 2p and the boundedness of T s imply 

\\1>*{s)\\ 2 < A: 1 + 2A: 2 ||^( S )|| 2 + 2A; 2 ||x|| 2 . 
Similarly, the second inequality follows by noting that 

=Eexp (-S f^ x {s),dW s )-5 2 [* \\i> x (s)\\ 2 ds) ex V f ||^( a )fda 



< 



Eexp (-25 j£ (Ms),dW s ) - 25 2 ||^*.(s)|| 2 cfe 

Eexp (s(28 + I) ||^(s)|| 2 ^ 



1/2 



Eexp I 5(2(5 + 1) / ||^(s)|| 2 cis 



.1/2 



□ 
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